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Numerical and Literal Aeroelastic-Vehicle-Model
Reduction for Feedback Control Synthesis

Brett Newman* and David K. Schmidt}
Arizona State University, Tempe, Arizona 85287

The simplification of a high-order, literal model for large flexible aircraft is discussed. Areas of model fidelity
that are critical if the model is to be used for control law synthesis are presented. Several simplification
techniques, some new and some widely available, that can deliver the necessary model fidelity are presented and
applied to a model from the literature. The techniques include both numerical and analytical approaches. An
analytical approach, based on first-order sensitivity theory, is shown to lead not only to excellent numerical
resuits, but also to closed-form analytical expressions for key system dynamic properties such as the pole/zero
factors of the vehicle transfer-function matrix. The analytical results are expressed in terms of vehicle vibrational
characteristics and rigid-body and aeroelastic stability derivatives, thus providing insight into the underlying

causes for critical dynamic characteristics.

Introduction

O simplify the dynamic analysis and control synthesis,

or to ease computational burden in simulation, simple
low-order models of the vehicle dynamics are sought. These
models, however, must possess the requisite validity in model-
ing the vehicle characteristics significant in the application. If
the model will be used in the synthesis of a feedback system,
characteristics critical in a feedback system must be well mod-
eled. This is the first goal of this work, and techniques capable
of delivering valid models for multivariable control synthesis
will be presented.

A second goal is related to the fact that the physics of the
vehicle must be well understood, and models that expose the
underlining physical causes for critical dynamic characteristics
of the vehicle are desired. This is especially significant in light
of the fact that many model reduction procedures in the
literature rely on numerical techniques and/or transforma-
tions that lead to a model in a form such that the physics of the
system are far from transparent in the new model structure.
Approximate literal expressions for the factored transfer func-
tions are presented herein that aid in understanding the phys-
ics of aeroelastic vehicles and yet constitute model simplifica-
tions as well.

Modeling for Dynamic Analysis and Control Synthesis

To accomplish the second goal, a literal model for the
vehicle must be available, and the development of such was
the subject of Ref. 1. From the nonlinear, literal, time-domain
model of an elastic aircraft, the linearized small perturbation
longitudinal dynamic equations were developed in the refer-
ence. Transformation to the frequency domain leads to the
elastic aircraft model in polynomial matrix form? given in
Appendix A, where elevator deflection 8¢ and canard deflec-
tion 8. are the assumed inputs (for a specific configuration
example to follow). Typically, vertical acceleration @, and
pitch rate g’ at some location along the fuselage axis are
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measured responses of interest yielding two additional re-
sponse equations. This model governs the small perturbation
dynamics of the rigid-body degrees of freedom consisting of
forward speed u, angle of attack «, pitch angle 8, and pitch
rate g, and the generalized elastic degrees of freedom %;, corre-
sponding to the ith elastic mode in the model. Parameters of
interest appearing in Appendix A are trim velocity Vr, a; and
g’ sensor location relative to the vehicle center of mass x,
stability derivatives X;, Z;, M;, and F};, elastic mode vibration
frequencies w; and damping ratios {;, and elastic mode shapes
¢;(x) and mode slopes ¢; (x) at the sensor location.

Numerical values for the parameters in Appendix A are also
available for the vehicle studied in Ref. 1. This is a large
supersonic aircraft of reasonably conventional geometry with
a low aspect ratio swept wing, conventional tail, and canard
(i.e., similar in geometry to the B-1B but much more flexible).
The numerical model contains four free-free elastic modes
(resulting in a 12th-order model), and the a; and g’ sensor
location corresponds to that of the cockpit. The in vacuo
vibration frequencies are 6.3, 7.0, 10.6, and 11.0 rad/s (from
Ref. 1) and are considered representative for a large super-
sonic/hypersonic cruise vehicle with considerable flexibility.
The reference flight condition taken here is at Mach 0.6 and
altitude 5000 ft. By inclusion of only the first four elastic
modes of the structure, a model simplification has already
occurred, the implication of which will be discussed next.

Now consider a generic feedback configuration illustrated
in Fig. 1, representing the flight and/or structural-mode-con-
trol loops, for example. It consists of the interconnected plant
(vehicle) matrix G’ (s) = G(s) + AG(s) and controller matrix
K(s), with excitations from commands Y., and responses Y.
All signals are multivariable, in general, and G’(s) and K(s)
are transfer function matrices.

Of paramount importance in control design is that any
simplified model G(s) used in the analysis and synthesis accu-
rately reflects the stability robustness of the true closed-loop
system, where stability robustness here refers to the system’s

Ye(s)

Fig. 1 Generic feedback configuration.
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ability to maintain stability in the face of loop uncertainties.?
The genesis of this uncertainty could be due to parameter
variations or unmodeled dynamics in G and due to modeling
simplification, specifically.

Stability of the true closed-loop system is determined by the
zeros of the (true) return difference matrix determinant

det  + GK + AGK) =0

Assuming the nominal closed-loop system (GK) is stable and
the forward-loop perturbation AG is stable, the true closed-
loop system is stable if

det (I + GK + eAGK) |-, #0

forallwandalle, 0 < ¢ < 1, or, equivalently, if [ + GK(jw) +
eAGK (jw)] remains nonsingular for all wand alle, 0<e=<1.

It can be shown® that a sufficient condition to guarantee the
above inequality is to require

dAGK(jw)l<all + GK(jw)]

for all w. Here o and & denote the minimum and maximum
singular values of a matrix, respectively. Therefore, the key
frequency ranges where stability robustness is potentially a
problem is where

olAGK(jw)l = ol + GK(jw)] 6

over the (physically) possible AGK.

For single-input, single-output systems, Eq. (1) is easily
interpreted on a Nyquist diagram. The right side of Eq. (1)
corresponds to the distance between a point on the nominal
Nyquist contour GK (jw) and the critical point at — 1. The
left side of Eq. (1) corresponds to the distance between the
above point on the nominal Nyquist contour and the corre-
sponding point on the perturbed Nyquist contour, G’ K (jw).
Regions where these two distances are approximately equal
define the key frequency ranges. The concept generalizes to
multi-input, multi-output systenis, and, therefore, Eq. (1) de-
fines the only frequency ranges where stability robustness is
potentially a problem and certain frequency ranges are more
critical than others.

One frequency range pmpomted by Eq. (1) is of course
the crossover frequency [i.e., the frequency range where
0(GK) = 5(GK) =~ 1] where relatively small variations in the
loop GK can be destabilizing. Moteover, it also includes fre-
quencies where small changes in G can create large AGK
satisfying Eq. (1) (e.g., systems with near pole-zero cancella-
tions within G in the vicinity of the jw axis).

Introduction of any simplified plant model into the loop
alters the loop shape (e.g., open-loop Bode) from the true loop
shape. If a desirable’ loop shape is still achieved, however,
deviations from the true loop shape may occur in the high- and
low-frequency ranges and not significantly affect the results of
the design. At low frequencies, adequate loop gain (in GK) is
all that is required for acceptable command following/distur-
bance rejection. In the high-frequency range, the loop gain (in
GK) must have adequate rolloff for acceptable noise attenua-
tion. Consequently, an extremely accurate approximation of
the true system (G’) is frequently not required in either the
low- or high-frequency range as long as these two criteria are
met. This again leaves the midfrequency range or crossover
region as the critical region that must be accurately approxi-
mated by any simplified model. In summary, the primary
modeling requirement imposed by feedback synthesis applica-
tions is to achieve an accurate approximation for the fre-
quency response of the plant in the range of loop gain
crossover if the loop gain is large above this frequency range
and the loop gain is small below this range. Clearly, the
control law K (s) affects these loop gains and determines the
Crossover range.
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. A measure of how well a simplified plant model G(s) ap-
proximates the true plant model G’(s) over the crossover
frequency range (w; <w<w,) is the element by element fre-
quency response error. Let the fréequency response .error ma-
trix be defined by

E(jo)=G'(jw) - G(jw) )
Each i-j element in E(jw) describes the frequency response
error associated with the corresponding element in G’ (jw).
For G(s) to accurately approximate G’(s) over the crossover
frequency range, each element of E(jw) and G’(jw) must
satisfy 1E;(jw)l < |G} (jw)! for all w, w; <w<w,. This can
be visualized graphically by superimposing the frequency re-
sponses of each element of G’'(s) and G(s) and noting the
differences between the two.

A matrix norm defined by the maximum singular value of
the matrix £(jw) may also be used to provide a measure of
smallness for the error E(jw). Recall that the maximum singu-
lar value of E is defined as

o(E) = N(EE™)

where A\ denotes the maximum eigenvalue. It can be shown*
that this norm bounds the magnitude of each element in
E(jw), ie., |E;(jo)l =3lE(jw)l.

Let the largest: value of 6[E(jw)] over the crossover fre-
quency range defitie a crossover frequency norm

IEGw)lee= max G{E(jw)] &)
W <w<wy

and the value of this norm may be taken as a relevant measure
of closeness between the true and approximate model. Note
that using the o norm, or

IE(jw)le = max alE(jw)]

O<w<®
would be far too conservative for our purposes here.
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Fig. 2 G:’,"(s) frequency responses for the reduced order models.
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Fig. 3 G:,C(s) frequency responses for the reduced order models.

Order Reduction and Simplification

Some order reduction techniques that can lead to good
approximations meeting the criteria that were just mentioned
will now be highlighted.

Frequency-Weighted Internally Balanced Reduction®

Assume the system in Appendix A is described in state-space
form, or

X =Ax + Bu (42)
y=Cx +Du (4b)
Two frequency-dependent matrices of interest are
X(jw)=(wl -A)'B
Y(Jw)=C(wl - A)!
X (Jjw) reflects the system’s input behavior since each column
is the state vector’s frequency response associated with the
related input, whereas Y (jw) reflects the system’s output be-
havior because each column is the output frequency response

associated with the related state. The controllability and ob-
servability grammians are related to X(jw) and Y(jw) by

1 -]
= —— i T(— i 1
X 215_,X(']w)x( Jw) dw

11" ‘
Y =— T i
27r§_,,Y( JW)Y(jw) dw

Note, finally, that X(jw) and Y(jw) are ultimately related

to the system’s frequency response G(jw) = CX (Jjw)+ D=
Y(jw)B + D.
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By definition, the state directions #; and u; decompose X and
Y into the following outer product sums

n
X=Y tvet!

i=1

n
Y= Euivo,u,-T

i=1
where v, and v,, aré real non-negative scalars and where
ult,=1 and u; t = 0 for all i # j. It is known® that the impor-
tance of the contrlbutlon from state direction ¢ to the input-
output behavior (i.e., frequency response) system is reflected
by the relative magmtude of the product VeVo, Where this
product is the ith Hankel singular value of G(s), each of
which is real, non-negative, and invariant to state-space trans-
formation. The matrix product

n
XY = Etiqu,,‘u,-T
i=1
shows that the state directions ¢; are eigenvectors of XY and
the products v.v,, are the eigenvalues. In other words, state
directions ¢; most significant to the system’s input-output be-
havior have the larger values for v v, .

This leads to the so-called internally balanced reduction
technique.b The reduced-order model is obtained by using the
state directions ¢ to transform the system to internally bal-
anced states and truncating the least important states, based
on the relative size of the eigenvalues v.v,. As noted in
Ref. 5, the reduced-order model will inherently lead to a good
approximation in the frequency range where the full-order
system’s frequency response magnitude is large, but this may
not be the frequency range of interest (i.e., loop crossover may
occur in another frequency range).

» correct this situation, frequency weighting has been in-
orated into this approach.’” Consider a weighting filter

x, =A,x, + B,6

u=C,x,
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Fig. 4 G:’,f(s) frequency response for the approximate literal model.
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which is well attenuated outside the frequency range of inter-
est. Let this filter be in cascade with the original system. De-
composing the controllability and observability grammians for
the cascaded system leads to frequency-weighted internally
balanced states that can readily be reduced by truncation as
before. Appendix B from Ref. 5 summarizes this frequency-
weighted internally balanced reduction. Note that frequency-
weighted internally balanced reduction can only be applied to
asymptotically stable systems or asymptotically stable subsys-
tems of a larger system.5’

Truncation

Assume the system is in polynomial matrix form, as in
Appendix A, or

A(s) cis) || Z(s) _ 1 B@®)
[r(s) m(s)] [z,(S)] = [b,(s)] ve) ©)

Y(s) = M(S)Z(s) + m,(5)z,(s) + P(s)U(s)

Here Y(s) is the vector of responses, U(s) the vector of inputs,
and [Z7(s), z,(s)17 the vector of system degrees of freedom.
Assume that z,(s) is a scalar, and then m(s) is also scalar; r(s)
and b,(s) are row vectors; and c(s) and m,(s) are column
vectors. Define the notation A, | B; as the matrix formed from
the matrix A, but its /th column is replaced by the jth column
of B. Then using the properties of the determinant of a parti-
tioned matrix, along with Cramer’s rule, yields

Zi(s) mdetld;|B; —cm~\(r;1b,)]

Ui(s) - m det[A — cm ~'r]
z(s) _ by, detlA = Bb,~'r)
Ui(s) mdet[A —cm-'r]
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where the (s) denoting functional dependence has been
dropped for notational brevity.
Assume now that

i <€<m; kl=1,...,n (6a)
B < b,j; ki=1,...,n (6b)
c(rilby) <m; ki=1,...,n (6¢)

where dim [Z(s)] = n. Then
A; |Bj —-cm 'l(r,- lb,j) = A; IBJ
A-Bb 'r=A
J
A-cm~r=A

and Z; and z, become

Z,'(S) _ Zi(s) _ det[A,' |BJ]

Uis) " Us) detlA] 72)
z(s) _
e~ (7b)

Note that Z;(s)/U;(s) is simply that obtained if the degree of
freedom z, was truncated from the model (or not included in
the modeling from the outset).

Now (consistent with the model in Appendix A), let
m(s)=a,s*+d.s + k, and b, (8} =b,, (a,, d;, k;, b, scalar
constants), and consider a hlgh frequency approx1mat10n or
let ls|—oo, leading to b, (s)/m(s)l—-O In this case (or if
m,b, =0 in general), the’ approximate model is the well-
known truncated model

Y(s) = M()Z(s) + P(s)U(s)

Zi(s) _det[4;|B)]
Uj(s)  detl4]

This approximation will produce a model with the desired
characteristics when assumptions (6) are valid and the cross-
over frequency is well above V1k,/a,1 and V1b,/a,1.

In the special case with the system transformed into modal
coordinates, Eq. (5) becomes

I -A) 0 Ns)| | B
[ 0 (sI—A,)][N,(s)]‘[Br]U(S)

Y(s) = MN(s) + M.N,(s) + PU(s)

with A and A, diagonal. Now, assumptions (6) are clearly
satisfied. Truncation of the modal coordinates N, will there-
fore lead to a good approximation in the frequency range well
above the magnitude of the associated eigenvalues (A,). In
fact, the transfer-function error resulting from this order re-
duction is

E(s)=G'(s) = G(s) = M,(sI - A,)"'B,

It can be seen that each element of E(s) will be small when
[s|> A, and Is| » 1(M,B,);1.

Residualization

Referring back to Eq. (5), and assuming the same structure
for m(s) and by, (s), consider now a low-frequency approx-
imation such that Is| —0, leading to b,l(s)/m(s)—-b /k,, a
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constant scalar. In-this case, the approximation is the well-
known residualized model
q
Y(s) = M($)Z(s) + my(s) L (b, /k)Uj(s) + PGYU(S)
j=1

Z,'(S) _ det[A,- |B_,]
Uis)  det[A]

where dim[U(s)] = ¢q. This model will have the necessary
validity when assumptions (6) are satisfied and crossover fre-
quency is well below vV |k, /a, |

Again consider the special case where the system is in modal
coordinates and then assumptions (6) are clearly satisfied.
This residualized-mode model will therefore lead to a good
approximation in the frequency range well below the magni-
tude of the associated eigenvalues (A,). In this case, the trans-
fer-function error is

E(s) =M, (sl - Ar)_lBr + Mr(Ar)-lBr

It can be seen that each element of E(s) will be small when
Is] < IA,-,‘,‘ {.

Approximate Literal Expressions

The transfer-function matrix G(s) for the lower-order
model can be computed numerically using the previous meth-
ods. Attention will now turn to a simplification technique,
related to the technique in Ref. 2, which yields approximate,
closed-form literal expressions for the poles and zeros of the
system transfer function (matrix).

The method is based on first-order sensitivity theory and
can, in principle, be applied to a model of higher order. The
basic ideal is to obtain approximations for the factors of a
polynomial by approximating the coefficients of the polyno-
mial by the first two terms of a Taylor series. To keep the
algebra tractable here, and to explain the method by means
of example, consider an already simplified system in polyno-
mial matrix form, as in Appendix C. This particular model
may be obtained via reducing the model in Appendix A, by
truncating the surge velocity # and residualizing the second
through the fourth generalized elastic deflections y; for the
aircraft in Ref. 1.

Consider now the solution for one element of the transfer-
function matrix, namely,

N(s)

Gg(s) =
D(s)
Applying Cramer’s rule to the model in Appendix C yields

VA z,
D(s)= — <Y’71s + VT,> M Fy s + F 52— M)

Z, Z,
~ang - [mps - 2) (14 2]

+[s2 + 26wy — Fiy)s + (o} = Fiy)l
Z, Z
X [(s - V_r,>(sz - Mys) - <1 + #)Mas] (8a)

Ty
= Zee M.Is?+ (2 2
N@s) = 72 (s - {M,ls? + 5w = Fiy)s + (wf — Fy,))
1

+F|G(M,'”S + M,”)] - ¢iS . [MaF]qS + F]a(sz - qu)])

+ M, - <s . {(S - é>[S2 + 6o = Fiyy)s
Vr,

z, z,
seiorg-A(GE e 3]
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Z, Z;
-sis:[rofs-5e) (152
+Fy, - 3s { [(s -5—T>(M s+ M,)
A z, , i ,
+M, <;T—ls + 7;,)} —¢is - [(s - Vﬂ)(s — M,;s)
—Ma<1 +§:->SB (8b)

Also, consider the numerical solution for the same transfer
function obtained via any appropriate means, or

13s(s + 0.23)(s — 3.4)(s + 4.0)
s(s2+ 0.88s + 1.6)(s% + 1.0s + 36)

Gi(s) =

Ksls + o (1/ TVELls + 5, (/DN + 5, 1/ THF]
sls? + (25w)ps + (@)splls? + (28wy,s + (7))

nes* + n3s3 + nps? + nys ©
S5 4 dyst + dys? + dys? + dis

One now selects approximate terms, one from D(s) and one
from N(s), in Eqgs. (8) that best satisfy the following two
criteria.

1) The literal expressions for the approximate terms must
factor into the same structure as found in the numerical model
(poles/zeros). For example, the literal expression for the ap-
proximate term for D(s) must have two pairs of complex roots
plus one root at the origin, whereas that for N(s) must have
four real roots, including one at the origin [see Eq. (9)].

2) The numerical factors calculated from those approxi-
mate terms should be as close as possible to the true numerical
factors in Eq. (9).

In this example, the approximate terms are selected as the
underlined terms in Egs. (8) yielding

D(s) = s{s2+ (——%‘: - Mq>s + [5—; M, - <1 + %)M,,B
82 + Qhwr — Fiy)s + (@} — Fi,)l
= 5[52 + QFw)gps + @ ll5% + QFw)y,s + @2)y,]
= 5(s2 + 1.25 + 3.8)(s? + 0.62s + 35)
=855+ d,st+dysd +dpst + dis (10a)

and

Nes) = (M, —¢fFlas)S[s ¥ (“Z‘“"ﬂ [s ¥ <b - [bLW)]
Vr, 2
3 [s + <___b ha [bzz. - 40]”)]

=K [s + 1/ s + 7, A/ DENs + 5, (1/ T
= 13s(s + 0.42)(s — 3.3)(s +4.2)

=it + 71383 + Fos? + RS (10b)
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where
b Q6w — Fy )M, + ¢1MF,,
B M, — $iF,,

(@] — Fiy )M;,

C =
M;, — ¢1Fy,;,

Now, by expanding Eq. (9), one can determine the functional
dependence of the polynomial coefficients upon the factors.
For example,

di = () (), an
m = K3, (1/ Ty, /T, (U/TVE

Noting this functional dependence, expand each coefficient in
a Taylor series where the leading term in the series is taken as
the approximate coefficients in Eqs. (10). For example,

d,=?1,+%Ax+~- (12a)
ox
. on
n1=n1+3;‘Ay+--- (12b)

where

Ax = [(wz)sp - (a’z)sp, (Zg-w)sp - (Zz-w)sp; (wz)f 1
—(@Yy,, Qtw)y, — Qw17

= [A@)g, AQRTw)sp, A@?)y,, AQRTW)7]T

Ay = (K - K%, ,(/TNE - (U/DE, 7, (/TN
=1 UV TE, 5 (U TOE = 5 (/TN

= [AK%, 8, (1/DVE, Ar, (/TYE, A, (V/TYETT

Corrections to the approximate factors (i.e., Ax and Ay) are
now sought. Using the Taylor series for each polynomial
coefficient such as Eqs. (12) and neglecting higher-order
terms, one can solve for Ax and Ay. This calculation requires
the literal expressions for d; — d; and n; — #; obtained from the
nonunderlined term in Eq. (8) and the literal expressions for

a_fi,- and o,
ax dy

obtained from differentiation of expressions similar to Eq. (11).

The approximate literal model is finally obtained by sum-
ming the approximate factors and the corresponding correc-
tions. For example,

N
G¥(s) = 1_)%

where

D(s) = S[sz + [(z?w)sp + A(z?w)sp }s + {(‘I’z)sp + A(‘:’Z)sp }]

5% + [QFw)y, + AQRSw), s + (@Y, + @Yy, )]
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and

Ns) ~ R + ARE)sls + (/T + A1/ DY)
s + (U, (VD + Ay, (/DTS + L, (VD

+ Aflz(l/T)fIE, 1

Example Results

To be obtained now is a reduced order model that is valid in
the anticipated crossover frequency range. Assume the control
system requirements are such that this range must be 1-10
rad/s. The vehicle discussed previously will be modeled, and
the true model is taken as that in Appendix A with four elastic
modes. A fourth-order model will be sought based on the
observation that the true model has two complex modes in the
crossover frequency range.

Two reduced-order models will actually be obtained. One
model is obtained by truncating the surge velocity « and pitch
angle # and employing the frequency-weighted internally bal-
anced technique using a bandpass filter with unity magnitude
in the 1-10 rad/s frequency range and 40 db/dec magnitude
roll off on either side of the pass band. Here, truncation of »
was necessary to eliminate an unstable phugoid pole, and
truncation of 6 was necessary to eliminate the associated pole
at the origin. The other reduced-order model (an effective
fourth-order model due to a pole/zero cancellation at the
origin) is obtained by truncating the surge velocity u (i.e.,
a short-period approximation) and residualizing the second
through the fourth generalized elastic deflections n;. Appen-
dices D-F contain the transfer functions for the original full- .
order and the two reduced-order models, and Figs. 2 and 3
show the g’ /65 and q’/dc frequency responses, respectively.

The g’ /8¢ and g’ /8¢ frequency-response errors [see Eq. (2)]
are simply the distances between the Bode magnitudes of the
true model and the reduced-order models in Figs. 2 and 3.
Observe that the reduced-order models accurately approxi-
mate the true model in the 1-10 rad/s frequency range as
desired. Similar results are obtained for the other transfer
functions in Appendices D-F, in that the reduced-order mod-
els are highly accurate in the 1-10 rad/s frequency range, as
desired. Specifically, the crossover frequency norm [IE(jw)ly,
see Eq. (3)] is 38 for the truncation/frequency-weighted inter-
nally balanced model and 170 for the truncation/residualiza-
tion model for the model units selected.

Discussion of Results

For control synthesis applications, critical features in the
q’/8g transfer function, for example, are the nonminimum
phase zero located near 3.4 rad/s (see Appendix F and Fig. 2)
and the lightly damped complex poles near 6 rad/s (see Ap-
pendix F and Fig. 2). These characteristics have been shown®
to limit the stability robustness of a candidate multivariable
control law, based on a literal singular-value analysis. Also, a
critical feature in the q’/d¢ transfer function is the dipole
structure near 3 and 6 rad/s (see Appendix F and Fig. 3).
Recall that nonminimum phase zeros limit the allowable loop
gain and yield undesirable initial time-response behavior.
Lightly damped complex poles can also limit stability robust-
ness, as well as contribute to undesirable time responses.
Dipole structures can also critically affect closed-loop stability.

To expose the physics behind these critical characteristics,
an approximate literal model is developed from the trunca-
tion/residualization model given in Appendix C. Note that a
higher-order model could conceivably be used. As we shall
see, however, this is not required here to obtain valid results.

Appendix G lists the approximate literal expressions for the
factored transfer functions where the underlined terms were
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selected as the approximate terms, and the remaining terms
are the corrections. Appendix H also contains the transfer
functions obtained from the literal expressions in Appendix G,
and Figs. 4 and 5 show the g’/6¢ and q’/8. frequency re-
sponses, respectively, for this simplified model along with the
true model. Observe that the literal model accurately approxi-
mates the true model in the 1-10 rad/s frequency range. By
comparing similar results for the other transfer functions in
Appendices D, F, and H, one observes that the literal approx-
imations are quite accurate.

Now to expose the parameters affecting the nonminimum
phase zero in the q’/BE transfer function (see Appendlx F),

consider the expression for Iy 7/ T)6E appearing in Appendix °

G, or

1% b~[p2-4c)s Fi,Ms,
S\ =~ ) +

T/, 2F,,
= —-33+(-0.23) 13
with the following numerical values:
M, = -0.8301/s, M; = —5.121/¢, F,,= —718.41/s

Fi,, = —8661/52, (v} —Fy,)=34.81/s

@1 (x) = 0.0210 ft/ft

6wy — Fyy)) = 0.621 1/s,

b =0.912 1/s, c= —13.61/s?

As seen from Eq. (13), the zero location is primarily a function
of the first term (b — [b2 — 4c]"?)/2, which in turn is primarily
a function of the parameter ¢ as given in Appendix G, or

c= (‘*’% - Fl,m)MBE (14)
M;, — ¢1(X)IF,;

Evidently, the key parameters are the elevator control deriva-
tives M;, and Fy,, elastic mode structural frequency and
aerodynamlc stiffness (w} — Fl,“), and the elastic mode slope
¢1(x). From the denominator in Eq. (14), it is apparent that
the nonminimum phase characteristic is directly related to the
control power affecting the rigid-body and elastic pitch mo-
tions (i.e., up elevator induces rigid-body pitch up and elastic
pitch down). Further, it can be seen how the pitch-rate sensor
location, through ¢{(x), and the aeroelastic mode frequency
(w? - F, 1n,) affect the nonminimum phase characteristics.

Attention is now turned to the lightly damped complex
poles in the g’ /8¢ transfer function (see Appendix F). The
expression for the damping term (2{w); appearing in Ap-
pendix G is

(wa)f, = 2Hw; — Fh',,)
M,,,Fl + ((Z,/Vr) + 1 +(Z;/Vr)IM; ) Fy,
(@}~ Fiy)
=0.62 +0.35 15)

with the following numerical values:

( Z > 1.03, Zn 0
14— )= o 0.00267 1/s
VT, VT]

M, = —0.0655 1/s> M, = —0.00390 1/s

F,= —-1040 1/s?, F, = -78.41/s
(] — F,,) = 34.8 1/57,

Q4w — Fy;,) =0.621 1/
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As seen from Eq. (15), the low damping is primarily due to
the low elastic mode structural and aerodynamic damping
(28101 — Fy,,). However, note that approximately one-third of
the total damping originates from other sources, such as aero-
dynamic coupling between the rigid and elastic degrees of
freedom, i.e.,

Z,,

F (1 Z >M F
, + ;
VT o VTI nt g

1

M, Fi,

Finally, consider the dipole structure in the q’/8. transfer
function (see Appendix F). The dipole consists of the lightly
damped complex poles [s2+ (2§‘w)f s + (w)y,] and lightly
damped complex zeros [s%+ ;,(2{w)Ss + f,(wz)"qC] The relative
location of the pole and zero along the jw axis is determined
primarily by the difference between the natural frequency
terms (w? )y, and f|(w2) appearing in Appendix G, or

1+ (Z,/ V7 )IM, F
((.0% - Flnl)

(@), = 7,(@HF = (0} - F,) +

B { (wf — Fi, )M, _ M, + o{()I1 +(Z,/ VT,)]Ma}
M;. — o1(x)F;,. i(x)

=35+2.0-{2.0-(-6.5)} (16)

with the following numerical values:

T,

Z,
<1 + V—"> =1.03, M,= —3.331/s

M, = —0.0655.1/s?, M, =0.809 1/s2

F,= — 1040 /8,  F,.= ~631 1/s

(0} - Fy,) =34.81/s%,  ¢{(x)=0.0210 ft/ft

As seen from Eq. (16), the second and third terms approx-
imately cancel, leaving the dipole structure primarily a func-
tion of the elastic mode structural frequency and aerodynamic
stiffness (w%—Fl,“), stability derivatives (Z,/Vy), M,, and
M, , and the elastic mode slope ¢1(x) For fixed stability
derivatives (Z,/Vr), M,, and M, , it is apparent the pole
location is dlrectly related to the elastic mode structural fre-
quency and aerodynamic stiffness, whereas the zero location is
directly related to the g’ sensor location through the elastic
mode slope.

Conclusions

The importance of a dynamic model’s validity in the (multi-
variable) region of crossover was underscored, and three
model simplification techniques capable of delivering valid
models (in this sense) were presented. Classical truncation and
residualization were shown to be capable of yielding a good
low-order model, but a newer numerical procedure known as
the frequency-weighted balanced technique led to superior
results in this case.

A literal simplified model was also shown to yield excellent
results, and the procedure was presented herein. This ap-
proach, furthermore, was shown to lead to closed-form ana-
Iytical expression for the key dynamic characteristics and,
hence, expose the fundamental causes for these characteristics.
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Appendix A: Elastic Aircraft Longitudinal Dynamic and Response Equations in Polynomial Matrix Form

Ku = Zu - XMII + E¢i(x)Fi”9 K'r,,- = Zr,,- - xMy,i - ¢l(x)(w% - Fin,'
1]

Ko=Zy—xM,+ RU&i0IF;,, K = Z;, — xM;, — $1(x) Q2L
!

Ky =2, - xMy + E‘i’i(x)Fiq
I

Appendix B: Frequency-Weighted Internally
Balanced Reduction

Given: System state-space description A, B, C, D and
weighting filter state-space description A4,,, B,,, C,

Find: rth order system

Step 1: Solve for X and Y from

A BCW[X Xao| [ X X AT 0

0 A, ]|lXu Xp Xn XnllCIBT AT
0 0

+[0 BWBJ]‘O

ATY + YA+CTC =0

—Fa)+ X $;(0)Fs,

Ts—Xul —Xa | ~Xgs—Xp = X558 ~ X, — X5 - X, < 0107 Tul)] [Xeg | Xoc| Pes)
Z; Z Z, Z Zs Zs
|, Zs _<1+ﬁ>s I I G Zm olol law | 122 12| e
Vr, Vr, Vr, Vr, Vr, Vr, Vr, Vr, | Y,
-My | —M, §2—Mys — M, s — My, ~M;,s — M,, 010 | 0(s) | (Mo | M5,
-F, | —F1, —qus s2+(2§'1w1—F1,',1)s+(wf~F1,,1) —Fiy,5 — Fuy, 010 (n(s)| (Fryp | Fige
-F, | ~F, —qus ~Fp;,5 — Fay, s2+ 252wz — Fay)s + (a’%—FZnZ) 00 in28) | |F25z | Fo5c
~-Ky | —Kq — Ky - Ky s — Ky, -K;,s ~ K, 110] laz(s)| [Ksg | Ko
L 0 0 -5 di(x)s di(x)s e 0 lj g’¢s)| L O 0 |

)+ 1 6/ (X)Fp,

hi#l

Kyy = Zo, — XM, + L 6i(X)Fy
i

K, = Zs, — XMy, + L 6i(0)F;,.
g i

Step2: Find Tand ¥ where XY =TT\, T=[T,, T,_,],

T-T=[U,, U,_/]
o-[5 4
o X,
L2 = diag(vevo,); i=1,...,r
2, = diag(vevo,); i=r+1,...,n
Ve Vo, Z 00 2V, Vo, 20

Step 3: r th order system is

A, =UTAT,, B,=U/B, C,=CT,, D,=D

v

Appendix C: Elastic Aircraft Longitudinal Dynamic and Response Equations in Polynomial Matrix Form

_s—-g—:l —<1+%>s -—-I-Z/—:_'-ls—i—: 0 0- -a(s)_ Fi—:‘: -?/af‘ | og(s)
-M, s2 = M,s | - M,s - M, o |o| |ow | =| M, | M, 8¢c(s)
-F, -Fs s+ Qfw; — Fiy)s + (0} — Fi,) 0 0 7(8) Fi,; Fy,.

-K, - K -K;s - K, 1 0 a;(s) K;, K.
L o - $1(x)s o | 1] lew] Lo o |

Appendix D: Transfer Functions for the True Model
Gﬁf(S) = 525(s + 0.0089)(s + 0.020 = j1.7)(s + 0.36 = j11)(s + 1.0 £ j11)(s — 1.5 £/12)(s + 3.1 £j14)/D(s) (ft/s*/rad)

G2¥(s) = 8.05(s + 0.051)(s + 0.20)(s — 3.6)(s + 4.0)(s + 0.36 = j11)(s + 2.8 +/13)(s — 0.57 = j13)/D(s) (rad/s/rad)

Gif(s) = — 240s(s + 0.0081)(s — 0.17 £ j1.8)(s + 0.90 £ j4.1)(s + 0.23 = j11)(s + 0.36 = j11)(s + 2.6 =,13)/D(s) (ft/s*/rad)

G35(s) = 16s(s + 0.055)(s + 0.12)(s + 0.60 = j2.9)(s + 0.26 £ j11)(s + 0.36 = j11)(s + 2.6 = j13)/D(s) (rad/s/rad)
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where
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D(s) = (s — 0.033)(s + 0.043)(s + 0.45 = j1.2)(s + 0.44 £ j6.0)(s + 0.22 = j11)(s +0.36 £j11)(s + 2.6 +/13)

Appendix E: Transfer Functions for the Truncated
Frequency-Weighted Internally Balanced Model

G,ff(s) = 52(s + 0.020 £ j1.7)(s — 1.2 £ j14)/D(s) (ft/s*/rad)
G¥(s) = 15(s + 0.088)(s — 2.9)(s + 3.9)/D(s) (rad/s/rad)
G[,’f(s) = —240(s — 0.18 27 1.8)(s +0.92+;4.1)/D(s) (ft/s*/rad)

Gg,c(s) = 15(s + 0.090)(s + 0.70 = j2.9)/D(s) (rad/s/rad)

Appendix F: Transfer Functions for the
Truncated/Residualization Model

Ggf(s) = 46s(s +0.014 % 1.7)(s — 1.7 £/ 14)/D(s) (ft/s*/rad)
Gg?(s) = 13s(s + 0.23)(s — 3.4)(s + 4.0)/D(s) (rad/s/rad)
G,ff(s) = —240s(s —0.17 £/ 1.8)(s + 1.0 +4.2)/D(s) (ft/s*/rad)

Gg,c(s) = 14s(s + 0.16)(s + 0.66 x j3.0)/D(s) (rad/s/rad)

where where

D(s)=(s +0.46 = j1.2)(s + 0.44 + j6.0) D(s)=s(s +0.44 = j1.2)(s + 0.50 x j6.0)

Appendix G: Approximate Literal Expressions for the Factored Transfer Functions

Kgfs Is2 + sp (PX¢ “’)Zfs + (wz)zf][S 24 f ‘(2§' ‘-’-’)g‘fs +7 l(wz)ﬁf]

G¥(s)= )
Kszs [S2 + sp (zg.“’)gfs + sp (wz)z‘;] [sz + f1(2g‘w)gqs + fl(wz)zfl
GX¥(s) = D (s‘) £
, Ksls + o(1/ TYENls + 5, (/TS + 5, (1/T)F)
GH(s) = D)
Gi56) = K2¢s[s + 5, (1/T)4] l[; (:)fl(zyw)fﬁs + £, (@59
where
D(s) = 5ls? + 2fw)gps + (g lls? + 25wy, s + (@)y)]
and

Z,
P == M, — <1 +

T

Z, > M. _ [1+ (Z,/ Ve )M, F,_
Vr,

(O)f - Flnl)

Qi) ~ — i M {(Z,/ V) + 11+ (Z,/ V)M, ) F,, + M,”qu
sp = q —
Vr (W} - Fyy,)
K = K
o Za oy U@}~ Fiy)Ky+ Fy KL+ (Zy/ V)M,
splw )az’ =V q+
T KrnFlsE

Z,
sp(2§w)2; = ———=-M; 1

Vr

1

D = (@} - Fy,)

[(wi - Flm)MaE + MmFIaE]K‘I

K, F,
£QRE)E = Qb — Fiy) + ——=

K;

E

KmFlaE

KFre  [L+(Zy/ Ve )IK M,
t T+

K;

E

. [ = @i~ F1, DKo, + Ky F1, 1 KM,

KmK55F lsg

K = My, — ¢{(X)Fy,,

Z,  (Z,/Vr)Fi My, + (Z/Ve)M, F,,

(/T = —

T

(o} — Fi, )M;,
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b—[br-4c}” F M;
(1/T)5€=————+_‘L._'5
Sy q 2 2F155

b+ [b2-4cl® F .M
s =t e
b= Q4w — Fij)M;, + ¢100MF,,
M;, — ¢1(x)Fy,;
[1+(Z,/ Vi )M, F,,
(w% - Fh“)

@)y, = (@ = F,) +

((Z,/Vr)+ 1+ (Zy/ V)M ) Fi + M, Fy,

Qw)r, = QG — Fiy) +

(w} — Fyyy)
K,ff =~ Ks.
e = 22 gy, 1A~ FudKat MyFLIL+ o/ ViR
VTl (‘-"% - Flﬂl)K5c + KmFlaC
sp(2fw)zr =~ — ﬁ -M, 4 [(‘-"% - F",,)Mac + MmFlac]Kq - {Mmqu +1+ (Zq/VT‘)]M"“Fl"‘}K'SC
Vr, (@} = Fiy DKo + Ky Fy

+ Koy Fiye N M, F K5 — MK, Fy, N1 +(Z,/ V)]

213C 2
(@9 = (wi — Fip) .
Ksc (@} - Fiy)Ks + Ky, Fiye

Ki{lFlac . [(Zo/ V) + M1 +(Z,/ V7 )IMKs,
Ksc (@] = Fip)Kse + Ky Frye

- MquFlac

fl(2$“w)2‘§ = 201w — F1a) +

K3 = M, — &1 (X)Fy,,.
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(/TN ~ — Zs N (DI + (Zy/ Vi Zo/ V)Mo + (Zy/ V)Mo — (Zo/ Vi) My VF,
V1, , (@} = Fip)Mj,
@~ @} = Fu)Ms. M, + $(0)l1 + (Z,/ Vr)IM,
I My, — $i0F,,, ®}(x)
(t)s ~ @ = Fiy)Mse + d10OMeFre ¢ ()1 + (Zg/ Vi) Zo! Vi )MoFi,ye
J1 q’ =

M;, - ¢i(X)F,.

(@} — Fip )M,

(@} — Fiy )M,

C =

Appendix H: Transfer Functions for the
Approximate Literal Model

G;’f(s) = 465(s +0.13x,2.0)(s — 1.9x,714)/D(s) (ft/s*/rad)
Gl¥(s) = 13s(s + 0.20)(s — 3.5)(s + 3.9)/D(s) (rad/s/rad)
G2 (s)=—240s(s ~0.11x/1.8)(s +0.72+/4.0)/D () (ft/s*/rad)
G5(s) = 14s(s + 0.16)(s + 0.74 = j2.8)/D(s) (rad/s/rad)

where
D(s)=s(s +0.45 £ j1.2)(s + 0.48 = j6.0)

M;, — i (x)F,,
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